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Unlike in conventional semiconductors, both the chemical potential and the band gap in bilayer
graphene (BLG) can be tuned via application of external electric field. Among numerous device im-
plications, this property also designates BLG as a candidate for high-performance thermoelectric ma-
terial. In this theoretical study we have calculated the Seebeck coefficients for abrupt interface sepa-
rating weakly- and heavily-doped areas in BLG, and for a more realistic rectangular sample of meso-
scopic size, contacted by two electrodes. For a given band gap (∆) and temperature (T ) the maximal
Seebeck coefficient is close to the Goldsmid-Sharp value |S|GSmax = ∆/(2eT ), the deviations can be
approximated by the asymptotic expression |S|GSmax−|S|max = (kB/e)×
[
1
2
lnu+ ln 2− 1
2
+O(u−1)],
with the electron charge −e, the Boltzmann constant kB , and u = ∆/(2kBT ) 1. Surprisingly, the
effects of trigonal warping term in the BLG low-energy Hamiltonian are clearly visible at few-Kelvin
temperatures, for all accessible values of ∆ 6 300meV. We also show that thermoelectric figure of
merit is noticeably enhanced (ZT > 3) when a rigid substrate suppresses out-of-plane vibrations,
reducing the contribution from ZA phonons to the thermal conductivity.
I. INTRODUCTION
In recent years, bilayer graphene (BLG) devices made
it possible to demonstrate several intriguing physical phe-
nomena, including the emergence of quantum spin Hall
phase [1, 2], the fractal energy spectrum known as Hofs-
tadter’s butterfly [3, 4], or unconventional superconduc-
tivity [5, 6], just to mention a few. From a bit more
practical perspective, a number of plasmonic and pho-
tonic instruments were designed and build [7–9] consti-
tuting platforms for application considerations. BLG-
based thermoelectric devices have also attracted a sig-
nificant attention [10–13], next to the devices based on
other two-dimensional (2D) materials [14–16].
In a search for high-performance thermoelectric ma-
terial, one’s attention usually focusses on enhancing the
dimensionless figure of merit [17, 18]
ZT =
GS2T
K
, (1)
where G, S and K are (respectively): the electrical con-
ductance, the Seebeck coefficient quantifying the ther-
mopower, and the thermal conductance; the last charac-
teristic can be represented as K = Kel + Kph, with Kel
(Kph) being the electronic (phononic) part. This is be-
cause the maximal energy conversion efficiency is related
to ZT via [19]
ηmax =
∆T
Th
√
1 + ZTav − 1√
1 + ZTav +
Tc
Th
, (2)
where Tc (Th) is the hot- (or cool) side temperature,
∆T = Th − Tc, and Tav = (Tc + Th)/2. In particular,
for ZTav = 3 we have ηmax > 13∆T/Th (with ∆T/Th
the Carnot efficiency), and therefore ZT > 3 is usually
regarded as a condition for thermoelectric device to be
competitive with other power generation systems.
As the Seebeck coefficient is squared in Eq. (1), a maxi-
mum of ZT — considered as a function of the driving pa-
rameters specified below — is commonly expected to ap-
pear close to a maximum of |S|. Here we show this is not
always the case in gapped BLG: when discussing in-plane
thermoelectric transport in a presence of perpendicular
electric field such that the band gap is much greater
than the energy of thermal excitations (∆  kBT ), the
maximal absolute thermopower |S|max corresponds to the
electrochemical potential relatively close to the center of
a gap, namely µ|S|max ≈ ± 12kBT ln(2∆/kBT ), whereas the
maximal figure of merit ZTmax appears near the maxi-
mum of the valence band (or the minimum of the con-
duction band), i.e., µZTmax ≈ ±∆/2. In contrast to ZTmax,
|S|max is not directly related to the value of the trans-
mission probability near the band boundary, and these
two quantities show strikingly different behaviors with
increasing ∆ for a given T .
Qualitatively, one can expect that thermoelectric per-
formance of BLG is enhanced with increasing ∆, since
abrupt switching behavior is predicted for the conduc-
tance G when passing µ = ±∆/2 for ∆ kBT [20, 21].
(Moreover, the gap opening suppresses κel, reducing the
denominator in Eq. (1).) Such a common intuition is
build on the Mott formula, according to which S is pro-
portional to the logarithmic derivative of G as a function
of the Fermi energy EF . One cannot, however, directly
apply the Mott formula for gapped systems at nonzero
temperatures, and the link between a rapid increase of
G(EF ) for EF ≈ ∆/2 and high |S| is thus not direct in
the case of gapped BLG, resulting in µ|S|max  ∆/2.
The results of earlier numerical work [22] suggest that
|S|max, obtained by adjusting µ for a given ∆ and T , is
close to
|S|GSmax =
∆
2eT
, (3)
being the Goldsmid-Sharp value for wide-gap semicon-
ductors [23]. In this paper, we employ the Landauer-
Büttiker approach for relatively large ballistic BLG sam-
ples, finding that Eq. (3) provides a reasonable approxi-
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2mation of the actual |S|max for ∆ ∼ kBT only. For larger
∆, a logarithmic correction becomes significant, and the
deviation exceeds kB/e (≈ 86µV/K) for ∆ & 10 kBT .
We further find that—although |S|max grows monoton-
ically when increasing ∆ at fixed T and may reach (in
principle) arbitrarily large value—ZTmax shows a condi-
tional maximum at ∆?(T ) ∼ 102 kBT (for T 6 10K).
An explanation of these findings in terms of a simplified
model for transmission-energy dependence is provided.
II. MODEL AND METHODS
The two systems considered are shown schematically in
Figs. 1(a) and 1(b). The first system (hereinafter called
an abrupt interface) clearly represents an idealized case,
as we have supposed that both the doping and temper-
ature change rapidly on the length-scale much smaller
than the Fermi wavelength for an electron. Therefore,
a comparison with the second system, in which chemi-
cal potentials and temperatures are attributed to macro-
scopic reservoirs (the two leads), separated by a sample
area of a finite length L, is essential to validate the ap-
plicability of our precictions for real experiments.
We take the four-band Hamiltonian for BLG [24]
H = ξ

−U/2 vFpi ξt⊥ 0
vFpi
† −U/2 0 v3pi
ξt⊥ 0 U/2 vFpi†
0 v3pi
† vFpi U/2
 , (4)
where the valley index ξ = 1 for K valley or ξ = −1 for
K ′ valley, pi = px + ipy, pi† = px − ipy, with p = (px, py)
the carrier momentum, vF =
√
3at0/(2~) is the Fermi
velocity, v3 = (t′/t0)vF , U is the electrostatic bias be-
tween the layers, and a = 0.246 nm is the lattice pa-
rameter. Following Ref. [25], we set t0 = 3.16 eV – the
nearest-neighbor in-plane hopping energy, t⊥ = 0.381 eV
– the direct interlayer hopping energy; the skew inter-
layer hopping energy is set as t′ = 0 or t′ = 0.3 eV
in order to discuss the role of trigonal warping [26].
The band gap ∆ ≈ |U | for |U |  t⊥ and t′ = 0
(remaining details are given in Supplementary Informa-
tion, Sec. I ). Solutions of the subsequent Dirac equation,
HΨ = EΨ, with Ψ = (ΨA1,ΨB1,ΨB2,ΨA2)T the prob-
ability amplitudes, are matched for the interfaces sepa-
rating weakly- and heavily-doped regions allowing us to
determine the energy-dependent transmission probability
T (E) (see Supplementary Information, Sec. II ).
At zero temperature, the relation between physical car-
rier concentration (the doping) and the Fermi energy EF
can be approximated by a close-form expression for t′ = 0
and |EF |−∆/2 t⊥, namely
n(EF ) ≈ t⊥
pi(~vF )2
max (0, |EF | −∆/2) , (5)
following from a piecewise-constant density of states in
such a parameter range [24]. The prefactor in Eq. (5)
(1/pi) t⊥/(~vF )2 ≈ 0.268 nm−2eV−1 . In a general situa-
tion, it is necessary to perform the numerical integration
of the density of states following from the Hamiltonian
H (4) (see Supplementary Information, Sec. I ); however,
Eq. (5) gives a correct order of magnitude for ∆ kBT .
In the remaining part of the paper, we discuss thermo-
electric characteristics as functions of the electrochemical
potential µ, keeping in mind that the doping n = n(|µ|)
is a monotonically increasing function of |µ|.
Next, we employ the Landauer-Büttiker expressions for
the electrical and thermal currents [27, 28]
I = −gsgve
h
∫
dE T (E) [fL(E)−fR(E)] , (6)
IQ =
gsgv
h
∫
dE T (E) [fL(E)−fR(E)] (E−µ), (7)
where gs = gv = 2 are spin and valley degeneracies, fL
and fR are the distribution functions for the left and
right reservoirs, with their electrochemical potentials µL
and µR, and temperatures TL and TR. We further sup-
pose that µL − µR ≡ − eV and TL − TR ≡ ∆T are
infinitesimally small (the linear-response regime) and de-
fine µ = (µL + µR)/2 and T = (TL + TR)/2. The con-
ductance G, the Seebeck coefficient S, and the electronic
part of the thermal conductance Kel, are given by [29]
G =
I
V
∣∣∣∣
∆T=0
= e2L0, (8)
S = − V
∆T
∣∣∣∣
I=0
=
L1
eTL0
, (9)
Kel =
IQ
∆T
∣∣∣∣
I=0
=
L0L2 − L21
TL0
, (10)
where
Ln =
gsgv
h
∫
dE T (E)
(
−∂fFD
∂E
)
(E − µ)n
(n = 0, 1, 2) (11)
with fFD(µ, T,E) = 1/ [ exp ((E−µ)/kBT ) + 1 ] being
the Fermi-Dirac distribution function. In particular, for
T → 0, Eq. (8) reduces to G = (gsgve2/h)T (µ), the well-
known zero-temperature Landauer conductance.
The phononic part of the thermal conductance, occur-
ing in Eq. (1), can be calculated using
Kph =
1
2pi
∫
dω ~ω
∂fBE
∂T
Tph(ω), (12)
with fBE(T, ω) = 1/ [ exp (~ω/kBT )− 1 ] the Bose-
Einstein distribution function and Tph(ω) the phononic
transmission spectrum. We calculate Tph(ω) by adopting
the procedure developed by Alofi and Srivastava [30] to
the two systems considered in this work (see Supplemen-
tary Information, Sec. IV ).
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<latexit sha1_base64="Yyp6r Mq3FG+S1JhPgOvXMrz/kQI=">AAAB33icbVBNSwMxFHzxs9avqkcvw SJ4KrtFUG8FLx4rdm2hLSWbZtvQbHZJ3gql9O5F8aT4j/wL/hvTdi 9tHQgMMxPemxemSlr0vF+ysbm1vbNb2CvuHxweHZdOTp9tkhkuAp6 oxLRCZoWSWgQoUYlWagSLQyWa4eh+5jdfhLEy0Q0cp6Ibs4GWkeQMn fTU6FV7pbJX8eag68TPSRly1Huln04/4VksNHLFrG37XordCTMouR LTYiezImV8xAZiMl9wSi+d1KdRYtzTSOfqUo7F1o7j0CVjhkO76s3 E/7x2htFtdyJ1mqHQfDEoyhTFhM7a0r40gqMaO8K4kW5DyofMMI7uJ kVX3V8tuk6CauWu4j9el2vV/AYFOIcLuAIfbqAGD1CHADgM4A0+4Y uE5JW8k49FdIPkf85gCeT7DzRMiOw=</latexit><latexit sha1_base64="Yyp6r Mq3FG+S1JhPgOvXMrz/kQI=">AAAB33icbVBNSwMxFHzxs9avqkcvw SJ4KrtFUG8FLx4rdm2hLSWbZtvQbHZJ3gql9O5F8aT4j/wL/hvTdi 9tHQgMMxPemxemSlr0vF+ysbm1vbNb2CvuHxweHZdOTp9tkhkuAp6 oxLRCZoWSWgQoUYlWagSLQyWa4eh+5jdfhLEy0Q0cp6Ibs4GWkeQMn fTU6FV7pbJX8eag68TPSRly1Huln04/4VksNHLFrG37XordCTMouR LTYiezImV8xAZiMl9wSi+d1KdRYtzTSOfqUo7F1o7j0CVjhkO76s3 E/7x2htFtdyJ1mqHQfDEoyhTFhM7a0r40gqMaO8K4kW5DyofMMI7uJ kVX3V8tuk6CauWu4j9el2vV/AYFOIcLuAIfbqAGD1CHADgM4A0+4Y uE5JW8k49FdIPkf85gCeT7DzRMiOw=</latexit><latexit sha1_base64="Yyp6r Mq3FG+S1JhPgOvXMrz/kQI=">AAAB33icbVBNSwMxFHzxs9avqkcvw SJ4KrtFUG8FLx4rdm2hLSWbZtvQbHZJ3gql9O5F8aT4j/wL/hvTdi 9tHQgMMxPemxemSlr0vF+ysbm1vbNb2CvuHxweHZdOTp9tkhkuAp6 oxLRCZoWSWgQoUYlWagSLQyWa4eh+5jdfhLEy0Q0cp6Ibs4GWkeQMn fTU6FV7pbJX8eag68TPSRly1Huln04/4VksNHLFrG37XordCTMouR LTYiezImV8xAZiMl9wSi+d1KdRYtzTSOfqUo7F1o7j0CVjhkO76s3 E/7x2htFtdyJ1mqHQfDEoyhTFhM7a0r40gqMaO8K4kW5DyofMMI7uJ kVX3V8tuk6CauWu4j9el2vV/AYFOIcLuAIfbqAGD1CHADgM4A0+4Y uE5JW8k49FdIPkf85gCeT7DzRMiOw=</latexit><latexit sha1_base64="Yyp6r Mq3FG+S1JhPgOvXMrz/kQI=">AAAB33icbVBNSwMxFHzxs9avqkcvw SJ4KrtFUG8FLx4rdm2hLSWbZtvQbHZJ3gql9O5F8aT4j/wL/hvTdi 9tHQgMMxPemxemSlr0vF+ysbm1vbNb2CvuHxweHZdOTp9tkhkuAp6 oxLRCZoWSWgQoUYlWagSLQyWa4eh+5jdfhLEy0Q0cp6Ibs4GWkeQMn fTU6FV7pbJX8eag68TPSRly1Huln04/4VksNHLFrG37XordCTMouR LTYiezImV8xAZiMl9wSi+d1KdRYtzTSOfqUo7F1o7j0CVjhkO76s3 E/7x2htFtdyJ1mqHQfDEoyhTFhM7a0r40gqMaO8K4kW5DyofMMI7uJ kVX3V8tuk6CauWu4j9el2vV/AYFOIcLuAIfbqAGD1CHADgM4A0+4Y uE5JW8k49FdIPkf85gCeT7DzRMiOw=</latexit> W
<latexit sha1_base64="MoAV+T 4cnoO69EarCpXQykQBwuQ=">AAAB3XicdVDLSgMxFL1TX7W+qi7dBIvg apgWQd0V3LhswbGFttRMeqcNzTxI7gildOtGcaX4S/6Cf2OmrQtfB0IO 55yQe26QKmnI8z6cwsrq2vpGcbO0tb2zu1feP7g1SaYF+iJRiW4H3KCS MfokSWE71cijQGErGF/lfusetZFJfEOTFHsRH8YylIKTlZqtfrniuTUv B/tNqu789iqwRKNffu8OEpFFGJNQ3JhO1UupN+WapFA4K3UzgykXYz7 E6Xy8GTux0oCFibYnJjZXv+V4ZMwkCmwy4jQyP71c/MvrZBRe9KYyTjP CWCw+CjPFKGF5VzaQGgWpiSVcaGknZGLENRdkN1Ky1b/6sf+JX3Mv3Wr zrFKvLXdQhCM4hlOowjnU4Roa4IMAhEd4gVfnznlwnpznRbTgLN8cwjc 4b58g4IhQ</latexit><latexit sha1_base64="MoAV+T 4cnoO69EarCpXQykQBwuQ=">AAAB3XicdVDLSgMxFL1TX7W+qi7dBIvg apgWQd0V3LhswbGFttRMeqcNzTxI7gildOtGcaX4S/6Cf2OmrQtfB0IO 55yQe26QKmnI8z6cwsrq2vpGcbO0tb2zu1feP7g1SaYF+iJRiW4H3KCS MfokSWE71cijQGErGF/lfusetZFJfEOTFHsRH8YylIKTlZqtfrniuTUv B/tNqu789iqwRKNffu8OEpFFGJNQ3JhO1UupN+WapFA4K3UzgykXYz7 E6Xy8GTux0oCFibYnJjZXv+V4ZMwkCmwy4jQyP71c/MvrZBRe9KYyTjP CWCw+CjPFKGF5VzaQGgWpiSVcaGknZGLENRdkN1Ky1b/6sf+JX3Mv3Wr zrFKvLXdQhCM4hlOowjnU4Roa4IMAhEd4gVfnznlwnpznRbTgLN8cwjc 4b58g4IhQ</latexit><latexit sha1_base64="MoAV+T 4cnoO69EarCpXQykQBwuQ=">AAAB3XicdVDLSgMxFL1TX7W+qi7dBIvg apgWQd0V3LhswbGFttRMeqcNzTxI7gildOtGcaX4S/6Cf2OmrQtfB0IO 55yQe26QKmnI8z6cwsrq2vpGcbO0tb2zu1feP7g1SaYF+iJRiW4H3KCS MfokSWE71cijQGErGF/lfusetZFJfEOTFHsRH8YylIKTlZqtfrniuTUv B/tNqu789iqwRKNffu8OEpFFGJNQ3JhO1UupN+WapFA4K3UzgykXYz7 E6Xy8GTux0oCFibYnJjZXv+V4ZMwkCmwy4jQyP71c/MvrZBRe9KYyTjP CWCw+CjPFKGF5VzaQGgWpiSVcaGknZGLENRdkN1Ky1b/6sf+JX3Mv3Wr zrFKvLXdQhCM4hlOowjnU4Roa4IMAhEd4gVfnznlwnpznRbTgLN8cwjc 4b58g4IhQ</latexit><latexit sha1_base64="MoAV+T 4cnoO69EarCpXQykQBwuQ=">AAAB3XicdVDLSgMxFL1TX7W+qi7dBIvg apgWQd0V3LhswbGFttRMeqcNzTxI7gildOtGcaX4S/6Cf2OmrQtfB0IO 55yQe26QKmnI8z6cwsrq2vpGcbO0tb2zu1feP7g1SaYF+iJRiW4H3KCS MfokSWE71cijQGErGF/lfusetZFJfEOTFHsRH8YylIKTlZqtfrniuTUv B/tNqu789iqwRKNffu8OEpFFGJNQ3JhO1UupN+WapFA4K3UzgykXYz7 E6Xy8GTux0oCFibYnJjZXv+V4ZMwkCmwy4jQyP71c/MvrZBRe9KYyTjP CWCw+CjPFKGF5VzaQGgWpiSVcaGknZGLENRdkN1Ky1b/6sf+JX3Mv3Wr zrFKvLXdQhCM4hlOowjnU4Roa4IMAhEd4gVfnznlwnpznRbTgLN8cwjc 4b58g4IhQ</latexit>
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<latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr1pf8bFzM 7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN7qb+q0nrrSIwkccx7wb0EEofM EoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZcmA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5Q nKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFGPxQ==</latexit><latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr1pf8bFzM 7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN7qb+q0nrrSIwkccx7wb0EEofM EoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZcmA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5Q nKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFGPxQ==</latexit><latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr1pf8bFzM 7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN7qb+q0nrrSIwkccx7wb0EEofM EoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZcmA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5Q nKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFGPxQ==</latexit><latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr1pf8bFzM 7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN7qb+q0nrrSIwkccx7wb0EEofM EoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZcmA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5Q nKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFGPxQ==</latexit>
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<latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbVBNS0JBFL3Pvsy+rJ ZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6 EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwV BNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5EYpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit><latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbVBNS0JBFL3Pvsy+rJ ZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6 EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwV BNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5EYpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit><latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbVBNS0JBFL3Pvsy+rJ ZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6 EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwV BNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5EYpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit><latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbVBNS0JBFL3Pvsy+rJ ZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6 EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwV BNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5EYpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit>
U=0<latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbV BNS0JBFL3Pvsy+rJZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+ HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8 TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwVBNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5E YpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit><latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbV BNS0JBFL3Pvsy+rJZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+ HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8 TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwVBNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5E YpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit><latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbV BNS0JBFL3Pvsy+rJZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+ HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8 TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwVBNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5E YpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit><latexit sha1_base64="k5jzTIH21PC+M0mjeazBWOFSp4U=">AAAB5HicbV BNS0JBFL3Pvsy+rJZtxiRoJfMkqE0gtGlp0FPBJzJvnKeD8z6YuS8Q8R+0iWhT0O/pL/RvGvVt1A4MHM45w73nBqmSBin9dQpb2zu7e8X90sHh0fFJ+fSsZZJMc+ HxRCW6EzAjlIyFhxKV6KRasChQoh2MH+Z++0VoI5P4GSep6EVsGMtQcoZWant+5d6v0H65Smt0AbJJ3JxUIUezX/7xBwnPIhEjV8yYrktT7E2ZRsmVmJX8zIiU8 TEbiuliyRm5stKAhIm2L0ayUFdyLDJmEgU2GTEcmXVvLv7ndTMM73pTGacZipgvB4WZIpiQeWMykFpwVBNLGNfSbkj4iGnG0d6lZKu760U3Satec2nNfbqpNur5E YpwAZdwDS7cQgMeoQkecBjDG3zClxM6r86787GMFpz8zzmswPn+A5ghihc=</latexit>
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<latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr 1pf8bFzM7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN 7qb+q0nrrSIwkccx7wb0EEofMEoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZc mA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5QnKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFG PxQ==</latexit><latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr 1pf8bFzM7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN 7qb+q0nrrSIwkccx7wb0EEofMEoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZc mA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5QnKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFG PxQ==</latexit><latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr 1pf8bFzM7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN 7qb+q0nrrSIwkccx7wb0EEofMEoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZc mA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5QnKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFG PxQ==</latexit><latexit sha1_base64="G6Fmc4MYOB67FVimtzrIueNk8+M=">AAAB83icbVDLSsNAFL2pr 1pf8bFzM7UILqQkRdCNUHDjsoJpC00pk+mkHTp5MHMj1tAvcSPiRsH/8Bf8G9M2m7YeGDicc4Z77/FiKTRa1q9RWFvf2Nwqbpd2dvf2D8zDo6aOEsW4wyIZqbZHNZci5A4KlLwdK04DT/KWN 7qb+q0nrrSIwkccx7wb0EEofMEoZlLPPHHc8q1brlnupYv8GdOANyc9s2JVrRnIKrFzUoEcjZ754/YjlgQ8RCap1h3birGbUoWCST4puYnmMWUjOuDpbOcJOc+kPvEjlb0QyUxdyNFA63HgZc mA4lAve1PxP6+ToH/TTUUYJ8hDNh/kJ5JgRKYFkL5QnKEcZ4QyJbINCRtSRRlmNZWy0+3lQ1dJs1a1rar9cFWp1/ISinAKZ3ABNlxDHe6hAQ4weIE3+IQvIzFejXfjYx4tGPmfY1iA8f0HfFG PxQ==</latexit>
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FIG. 1: Systems studied numerically in the paper (left) and their basic thermoelectric characteristics (right). (a) BLG strip
of width W with a voltage source driving electric current through the strip. Two gate electrodes, with different temperatures
T1 and T2, induce an abrupt interface (dash-dot line) between the weakly-doped (light area) and the heavily-doped (dark area)
regions. (b) A finite, weakly-doped section of the strip (of length L) with leads driving both thermal and electric currents.
In both cases, additional gate electrodes (not shown) allow to tune the electrostatic bias between the layers (see Ref. [26]).
The coordinate system is also shown. (c) Zero-temperature conductance, specified in the units of g0 = 4e2/h, and (d) the
Seebeck coefficient at T = 5K as functions of the chemical potential. Solid lines correspond to the system of panel (a), dashed
lines correspond to the system of panel (b). (e) Zoom-in of the conductance as a function of the chemical potential measures
from the conduction band minimum (µ = ∆/2) for the system of panel (a). Skew-interlayer hopping is fixed at t′ = 0.3 eV.
The electrostatic bias between the layers is varied from U = 0 to U = 20meV in steps of 5meV (c,d) or from U = 10meV to
U = 150meV in steps of 20meV (e). (The extreme values of U are specified for corresponding lines.)
III. NUMERICAL RESULTS
Before discussing the thermoelectric properties in de-
tails, we present zero-temperature conductance spectra,
which represent the input data to calculate thermoelec-
tric properties (see Sec. II). Since the Hamiltonian given
by Eq. (4) is particle-hole symmetric, it is sufficient to
limit the discussion to µ > 0.
Typically, the conductance G(µ) of the finite-strip sec-
tion, compared with the case of an abrupt interface, is
reduced by approximately 50% near the conduction band
minimum (µ = ∆/2) due to backscattering on the sec-
ond interface, and slowly approaches the abrupt-interface
limit for µ ∆/2; see Fig. 1(c). Additionally, for a rect-
angular setup of Fig. 1(b) oscillations of the Fabry-Pérot
type are well-pronounces, see Ref. [13]. In contrast, the
Seebeck coefficient is almost identical for both systems,
see Fig. 1(d). We further notice that the conductance
near µ = ∆/2, displayed in Fig. 1(e), is gradually sup-
pressed with increasing U . (Hereinafter, the bandgap
∆ is determined numerically for the dispersion relation
following from Eq. (4), see Supplementary Information,
Sec. I . In general, ∆ < |U | [24]).
The close overlap of the thermopower spectra pre-
sented in Fig. 1(d) allows us to limit the discussion of
|S|max to the case of an abrupt interface, see Figs. 2(a),
2(b), and 2(c). In order to rationalize the deviations
of the numerical data from |S|GSmax given by Eq. (3), we
propose a family of models for the transmission-energy
dependence, namely
T (α) = C(∆)×
{
δ(E − 12∆) + δ(E + 12∆) if α = 0
Θ(|E| − 12∆)(|E| − 12∆)α−1 if α > 0
(13)
with the prefactor C(∆) quantifying the transmission
propability near the band boundary |E| ≈ 12∆, δ(x) being
the Dirac delta function, and Θ(x) being the Heaviside
step function. The analytic expressions presented here,
and later in Sec. IV, are (unless otherwise specified) valid
for any α > 0, althought when comparing model predic-
tions with the numerical data we limit our considerations
to integer α.
In particular, Eq. (13) leads to the maximal absolute
value of the Seebeck coefficient
4t0 = 0.3 eV
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FIG. 2: (a) Maximal absolute value of the Seebeck coefficient and (b,c) its deviation from the Goldsmid-Sharp value |S|GSmax =
∆/(2eT ) calculated numerically for the system of Fig. 1(a) (datapoints) as functions of the energy gap for different temperatures
T = 1K (open circles), T = 5K (full circles), and T = 10K (triangles). Skew-interlayer hopping integral is t′ = 0.3 eV (a,b)
or t′ = 0 (c). Lines depict Smax = SGSmax (black dotted line), and predictions of the model for transmission-energy dependence
given by Eq. (14) with α = 0 (blue dashed line), α = 1 (red solid line), and α = 2 (magenta dash-dot line — omitted in panel
(a) for clarity).
|S|(α)max × (kB/e)−1 ≈
√
(u+ α)(u+ α− 1)− ln (√u+ α+√u+ α− 1)
= u− 1
2
ln (4u) + α− 1
2
+
3− 7α+ α2
8u
+O(u−2) for α > 0, (14)
where the first asymptotic equality corresponds to u =
∆/(2kBT )  1 (see Supplementary Information). It is
clear from Fig. 2(a) that |S|(α)max with α = 1 (red solid line)
reproduces the actual numerical results (datapoints) no-
ticeably better than |S|(α)max with α = 0 (blue dashed line)
or |S|GSmax (black dotted line). What is more, the devia-
tions |S|GSmax− |S|max, displayed as functions of ∆, allows
one to easily identify the effects of trigonal warping, see
Fig. 2(b) for t′ = 0.3 eV and Fig. 2(c) for t′ = 0.
Next, we investigate the figure of merit (ZT ) given by
Eq. (1). For this purpose, it is necessary to calculate both
the electronic part of thermal conductance (Kel), that is
determined by the energy-dependent transmission T (E)
(see Sec. II), as well as the phononic part (Kph), pre-
sented in Fig. 3. We find that for T < 10K the two
systems considered show almost equal Kph (∝ T 3), and
different values of ZT (see Figs. 4(a) and 4(b)) follow pre-
dominantly from theG reduction discussed above. Unlike
|S|max, a value of which (for a given T ) is limited only
by the largest experimentally-accessible ∆ ≈ 300meV
[24, 31], ZTmax shows well-defined conditional maximum
for the optimal bandgap ∆?/kBT ≈ 100 − 150 (at the
temperature range 10K> T > 1K) and decreases for
∆ > ∆?; see Figs. 4(c) and 4(d).
Also in Figs. 4(c) and 4(d), we compare ZTmax for free-
standing BLG, in which all polarizations of phonons (LA,
TA, and ZA) contribute to the thermal conductance (see
Supplementary Information, Sec. IV ) with an idealized
case of BLG on a rigid substrate, eliminating out-of-plane
(ZA) phonons. In the latter case, ZTmax is amplified,
approximately by a factor of 3 (for any ∆), exceeding
ZT = 3 for T = 1K and ∆ ≈ ∆? = 10meV.
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FIG. 3: Phononic parts of the thermal conductance for the systems of Fig. 1(a) (solid line) and Fig. 1(b) (dashed line) as
functions of temperature. Insets are zoom in, for low temperatures, in the linear (top left) and the log-log (right) scale.
IV. DISCUSSION
Let us now discuss here why we have identified ap-
parently different behaviors of |S|max and ZTmax with
increasing ∆. To understand these observations, we refer
to the model T (α)(E) given by Eq. (13) with α > 0, for
which |S|(α)max, approximated by Eq. (14), corresponds to
µ
|S|
max
kBT
≈ ln (√u+ α+√u+ α− 1)
≈ 1
2
ln
(
2∆
kBT
)
for ∆ kBT. (15)
In contrast, the chemical potential corresponding the the
maximal ZT is much higher and can be approximated
(in the ∆ kBT limit) by
µZTmax ≈
∆
2
− 1.145 kBT for α = 1, (16)
or
µZTmax ≈
∆
2
+ 0.668 kBT for α = 2, (17)
where we have further supposed that Kph  Kel, being
equivalent to
ZT ≈ GS2 T
Kph(T )
. (18)
As the last term in Eq. (18) depends only on T we can
focus now on the power factor (GS2), a maximal value
of which can be approximated by
(
GS2
)
max
≈M(α)max
gsgvk
2
B
h
(kBT )
α−1 C(∆), (19)
where the prefactorM(α)max depends only on α and is equal
to 1.27 for α = 1 or to 4.06 for α = 2 (see also Supple-
mentary Information, Sec. III ).
The positions of maxima visible in Figs. 4(a) and 4(b)
are numerically close to the approximation given by Eq.
(16). Also, the data visualized in Fig. 5, together with
the lines corresponding to Eqs. (16) and (17), further
support our conjucture that the model T (α)(E), given by
Eq. (13) with α = 1 (the step-function model), is capa-
ble of reproducing basic themoelectric characteristics of
gapped BLG with a reasonable accuracy.
Although it might seem surprising at first glance that
the step-function model (α = 1) reproduces the actual
6U=20meV
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FIG. 4: Left: Thermoelectric figure of merit displayed as a function of the chemical potential for temperatures (a) T = 1K and
(b) T = 5K. Solid lines correspond for the system of Fig. 1(a), dashed lines correspond for the system of Fig. 1(b). [Remaining
parameters are same as in Figs. 1(c), 1(d).] Right: Maximal value of the figure of merit for the system of Fig. 1(a), versus
the energy gap for temperatures (c) T = 1K and (d) T = 5K. Inset in panel (c) shows the optimal gap ∆? as a function of
temperature. Different lines in panels (c,d) correspond to the limit of rigid substrate eliminating ZA phonons (solid lines) or
the free-standing sample (dashed-dotted lines).
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FIG. 5: Chemical potential corresponding to the maximal
absolute thermopower presented in Fig. 2 (µ|S|max) and the max-
imal figure of merit presented in Fig. 4 (µZTmax) as function of
the energy gap. Points correspond to same datasets as in Figs.
2(a) and 2(b) (skew-interlayer hopping integral is t′ = 0.3 eV).
Lines depict approximating Eq. (15) with α = 1 (red solid
line) and α = 2 (red dash-dot line), Eqs. (16) (blue solid
line), and (17) (blue dash-dot line).
numerical results much better than T (α)(E) with α = 2,
as the conductance spectra in Fig. 1(e) exhibit linear,
rather than step-line, energy dependence for µ > ∆/2.
However, for the temperature range of 1K6 T 6 10K
the T (E) behavior for E−∆/2 0.1 eV, visualized with
the data in Fig. 1(c), preveils [notice that the full width at
half maximum for −∂fFD/∂E in Eq. (11) is ≈3.53 kBT ].
For this reason, a simple step-function model grasps the
essential features of the actual T (E).
Apart from pointing out that µ|S|max  µZTmax ≈ ∆/2 for
∆ kBT (some further implications of this fact are dis-
cussed below), the analysis starting from T (α)(E) models
also leads to the conclusion that — unlike |S|max that is
not directly related to C(∆) — for the figure of merit
we have: ZTmax ∝ (GS2)max ∝ C(∆) [see Eqs. (18) and
(19)]. It becomes clear now that a striking ZTmax sup-
pression for large ∆ is directly link to the local G sup-
pression for large U , illustrated in Fig. 1(e). Power-law
fits to the datasets presented in Figs. 4(c) and 4(d), of
the form ZTmax ∝ ∆−γ for ∆ > ∆?, lead to γ ≈ 0.5. It
is worth to stress here that the dispersion relation, and
also the number of open channels as a function of energy
above the band boundary, Nopen(|E|−∆/2) (see Supple-
mentary Information, Sec. II ), is virtually unaffected by
the increasing ∆. Therefore, the average transmission for
an open channel near the band boundary decreases with
∆. This observation can be qualitatively understood by
7pointing out a peculiar (Mexican hat-like) shape of the
dispersion relation for ∆ > 0 [32]. In the energy range
∆/2 < |E| < |U |/2 there is a continuous crossover from
zero transmission (occuring for |E| < ∆/2) to a high-
transmission range (|E| > |U |/2). As the width of such
a crossover energy range, (|U | − ∆)/2, increases mono-
tonically with ∆, the continuity of T (E) implies that the
average transmission near |E| ≈ ∆/2 decreases with ∆.
For a bit more formal explanation, we need to refer the
total transmission probability through an abrupt inter-
face (see Supplementary Information, Sec. II ). For the
incident wavefunction with the momentum parallel to
the barier (conserved during the scattering) ~ky (where
ky = 2piq/W and q = 0,±1,±2, . . . assuming the peri-
odic boundary conditions) we have
Tky =
∑
m,n
|tmn |2 jx (ψnII) /jx (ψmI ) , (20)
where {tmn } is the 2× 2 transmission matrix (m,n = 1, 2
are the subband indices) to be determined via the mode-
matching, and jx(ψnX) is the x-component of electric cur-
rent for the wave function propagating in the direction of
incidence, with X = I, II indicating the side of a barrier.
For E = +∆/2 (with 0 <  ∆/2) there are propagat-
ing modes in a weakly-doped area (X = II) with n = 1
(the lower subband) only; in the simplest case without
trigonal warping (t′ = 0) we find that the relevant cur-
rent occuring in Eq. (20) scales as
jx
(
ψ1II
) ∝√/∆. (21)
The above allows us to expect that the full transmis-
sion scales as T (E) =
∑
ky
Tky ∝
√
/∆ also for t′ 6= 0,
provided that the band gap is sufficiently large (∆ 
EL, with EL = 14 t⊥ (t
′/t0)
2 the Lifshitz energy). As
the number of propagating modes is approximately ∆–
independent, scaling roughly as Nopen ∝
√
, we can fur-
ther predict that zero- (or low-) temperature conductance
should follow the approximate scaling law
G(µ) ∝ (µ−∆/2) /
√
∆ (for µ > ∆/2). (22)
This expectation is further supported with the numerical
data presented in Fig. 1(e).
An initial increase of ZTmax with ∆ for 0 < ∆ ∆?,
also apparent in Figs. 4(c) and 4(d), can be understood
by pointing out that the electronic and phononic parts of
the thermal conductance are of the same order of mag-
nitude (Kel ∼ Kph) in such a range. In consequence,
an upper bound to ZT can be written as (up to the or-
der of magnitude) ZT . TGS2/Kel, allowing a rapid
increase of ZT with ∆ (see Supplementary Information,
Sec. III ), until Kel (decreasing with ∆) is overruled by
Kph (∆-independent).
In the remaining part of this section, we briefly dis-
cuss the possible influence of electron-electron interac-
tions, neglected in our numerical analysis.
Several experimental works on free-standing BLG re-
port an intrinsic (or spontaneous) band gap of ∆int(T =
0) ≈ 1.5meV vanishing above the critical temperature
Tcrit ≈ 12K [33–35]. To the contrary, no signatures of
an intrinsic band gap are reported for BLG in van der
Waals heterostructures (VDWHs) [36], in which thermo-
electric properties may be significantly enhanced due to
the suppression of out-of-plane (ZA) vibrations. Possi-
bly, the above-mentioned difference could be attributed
to a modification of the effective dielectric constant due
to the materials surrounding a BLG sample in VDWHs.
In fact, a basic mean-field description, relating ∆int > 0
to the alternating spin order, allows one to expect that
∆int ∼ t0 exp(−const. × t0/Ueff) (where const. ∼ 1 is
determined by the bandwith), and thus a moderate de-
crease of the effective Hubbard repulsion (Ueff) strongly
suppresses ∆int; see Ref. [37].
Although temperatures considered in this paper (0 <
T 6 10K) are essentially lower then Tcrit, we focus on
the case with a bias between the layers |U | ≈ ∆ ∼ 10 −
100meV, and much smaller ∆int should not affect the
physical properties under consideration.
Additionally, the maximal ZT appears near the bot-
tom of the conduction band or the top of the valence band
(|µZTmax| ≈ ∆/2), where one of the layers is close to the
charge-neutrality, and thus one can expect the Coulomb-
drag effects to be insignificant [38].
V. CONCLUDING REMARKS
We have numerically investigated thermoelectric
propeties of large ballistic samples of electrostatically-
gapped bilayer graphene. A logarithmic deviation of
the maximal absolute thermopower from the Goldsmid-
Sharp relation is identified and rationalized with the help
of the step-function model for the transmission-energy
dependence. In addition to the earlier findings that
the trigonal warping term modifies the density of states
[24] and transport properties [13] also for Fermi energies
 1meV, we show here that signatures of trigonal warp-
ing may still be visible in thermoelectric characteristics
for the band gaps as large as ∆ ∼ 100meV.
Next, the analysis is supplemented by determining the
total (i.e., electronic and phononic) thermal conductance,
making it possible to calculate the dimensionless figure
of merit (ZT). The behavior of maximal ZT with the
increasing gap can also be interpreted in terms of the
step-function model, provided that we supplement the
model with the scaling rule for the typical transmision
probability for an open channel near the minimum of the
conduction band (or the maximum of the valence band),
which is ∝ ∆−0.5 (for large ∆). This can be attributed
to the Mexican-hat like shape of the dispersion relation.
Although some other two-dimensional systems with
the Mexican-hat like (or quartic) [15] dispersion also show
enhanced thermoelectric properties, two unique features
of bilayer graphene are worth to stress: (i) the possibility
8of tuning both the chemical potential and the band gap
in a wide range, and (ii) the ballistic scaling behavior of
transport characteristics with a barrier width. It is also
worth to stress that the value of ZT > 1 (or ZT > 3
in the absence of out-of-plane vibrations) is reached at
T = 1K for a moderate bandgap ∆ ≈ 10meV, correpond-
ing to the electric field of≈ 3mV/Å, making it possible to
consider an experimental setup in which the spontaneous
electric field from a specially-choosen substrate (e.g., fer-
roelectric) is employed to reduce the energy-consumption
in comparison to a standard dual-gated setup [31].
High values of ZT at a 1 -Kelvin temperature may
not have practical device implications per se, however,
we hope that scaling mechanisms identified in our work
will help to find the best thermoelectric among graphene-
based (and related) systems. The necessity to reduce the
phononic part of the thermal conductance with a simul-
taneous increase of the maximal accesible band gap (pos-
sibly in a setup not involving an extra power supply to
sustain the perpendicular electric field), further accom-
panied by some magnification of the electric-conductance
step on the band boundary, strongly suggests to focus
future studies on graphene-based van der Waals het-
erostructures.
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